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1. Write down the negations of the following statements.

(a) Ve > 0, 3N such that Vn > N, |z, — x| < €

Solution: Je > 0, such that YNy, In > Ny, |z, — x| > €

(b) 9N, such that Vn > N, Ve > 0, |z, — z| < ¢

Solution: YNy, In > Ny, I > 0, |z, — x| > €

(¢) VM, 3N, such that Vn > N, |z, —z| > M

Solution: IM, VNy, In > Ny, |z, — x| < M

2. For a pair of positive numbers a and b, define sequences a,, and b,, respectively as

Prove that a, > an+1 > b,y1 > b, for n > 2, and they have the same limit.

Solution:
Vo, 3 € RT,

(Va++VB)?>0= (a+)/2>aj

sVn>2 a,>0b,
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bn<an - bn)
bn _bn: nbn_bn:—zo
i Ve Vanbn + b

an+b,  ap—b

n>0
2 2 -

Ap — Apy1 = Ap —

. {an}tn>2 is decreasing and bounded below by by and {b,},>o is increasing and
bounded above by as

. {a,} and {b,} are convergent

.. __ antbn
S Opg1 = 2

lim a,, + lim b,
n—ro0 n—roo

— limaq, =

n—00 2

— limq, = lim b,

n—oo n—oo

3. Let wp, = -5 + 705 B TR

L YpeN
show that (z,) is convergent.

Solution:
Vn > 1,

1 1 1

nt )+ ()  mrD+m+]) n+l
1
et ey Y

Tpy1l — Tp = (

. {x,} is increasing

1 1 1
n+1 n-+2 n-—+n
< L + ! + + L
“n+1 n-+1 n+1
n
= <1
n+1

. {x,} is bounded above
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— {x,} is convergent

Remarks: 77 =1/2 = limz,, > 1/2
n—oo

but lim n%l = 0 for all natural number i
n—oo

It means that we cannot calculate the limit terms by terms

4. Let (b,) be a bounded sequence of non-negative numbers and r be any number such
that 0 <r <1

Define s,, = byr + byr? 4+ - + b, 1"

prove that s, is convergent.

Solution:

Vn > 1,

Sp41 — Sp = by >0
— {s,} is increasing

- {b,} is bounded

dM such that Vn, b, < M

Sy < Mr+ Mr?+ .-+ Mr"

1—r"
=M

T(l—r>
- Mr
1—17r

. {sn} is bounded above

. {sn} converges

5. Given that (z,) is increasing sequence , x, 1 — =, < 1, and 21 > 0
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If 2, (2,2 — (2n 4+ 2z, +2(n+ 1)) > 0

Prove that ( z,) is convergent.

Solutions:

We only need to prove boundedness

0 < an(z,? — 2n+ o, +2(n+ 1)) = zy(z, — ) (2, — 2n)
:>O<xn<”7+10rxn>2n

idea: the “speed” of increasing of 2n larger than that of x,,

If dng such that z,, > 2ny

let m be the smallest integer bigger than xz,, — 2ng, then 2ny > x,,, — m

as Tpy1 — Tp < 1, we have x,,41m < Ty, +m

2(ng +m) > xpy —m~+2m =Ty, + M > Tygim

(ng +m) +1
ng+m

(ng+m)+1
ng +m

= 0 < Tpgym <

but z,,1m > T, > 200 > which lead to contradiction
.V, 0 <@, < 2 <2

. {x,} converges



